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Abstract

We present a notion of homotopy pullback in the sesqui-category n-
Cat of strict n-categories, strict n-functors and weak n-transformations;
moreover we show that such a construction satisfies also a 2-dimensional
universal property with respect to n-modifications. This lead us to intro-
duce the new notion of sesqui’-category.

1 Introduction

Amongst the different approaches used in dealing with higher dimensional cate-
gorical structures, the inductive-enriched is probably one of the less developed.
This fact is not surprising at all, as there are indeed very good reasons that lead
the majority to adopt other viewpoints. In fact, such an approach is not really
suitable for making calculations easy, as the inductive process has to be unroll
in order to get explicit. Neither it fits with Internal Category Theory, which
would make it useful in applications. Finally there are other approaches, as the
simplicial one, that can take advantage of an already well developed theory.
Nevertheless it seems that there are also good reasons to take the inductive-
enriched approach.

There are issues indeed that could be more treatable under this perspective: for
instance some of the coherence issues detailed in this paper, as axioms for lax
n-transformations, are dealt with inductively in a natural and simple way.
More deeply, in certain situations the inductive-enriched point of view seems
to be closely related with how and why certain properties and structures are
defined. (see [KMVO08a] for an application).

This paper is about homotopy pullbacks for strict-n-categories. We are inter-
ested in such a construction in order to get a notion of h-kernel, and hence
a notion of exactness to be used in developing homotopical (and homological)
algebra for pointed strict n-groupoids! [KMVO08b]. Further developing will in-
volve also the study of homotopy colimits (see [DF04]), in order to establish a
connection with homotopy-theoretical issues.

The idea of our definition recaptures homotopical aspects from the topological
standard h-pullback [Mat76a]. In fact, having in mind the geometric realization
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functor for (eventually pointed n-)groupoids, one can tentatively emulate the
constructions involving points, paths, homotopies of paths etc. of a space with
the objects, the arrows and the higher dimensional cells of a n-groupoid. Hence,
let us suppose we are given two maps F : A — B and G : C — B in our favorite
topological category (say Top, Top,, CW — cplx etc.) their h-pullback is the
space

P ={(a,0,c) € Ax B xC: F(a) =0(0),G(c) = 0(1)}
where B! is taken with the compact-open topology and P is topologized as a
subset of A x B! x C.
The corresponding construction for two n-functors F: A - Band G: C — B is
the h-pullback P, and has objects the triples (a,t,c) where a and c¢ are objects
of A and C respectively, while ¢t : F(a) — G(c) is a 1-cell of B. Similarly one
can define explicitly the 1-cells of P, namely triples such as

(fra—d,e: F(f)ot' =to0G(g),9:c— ).

It is clear that, as the dimension of the cells raises up, the complexity of their
description increases. Inductive approach permits to deal with this situation
quite easily, since it is possible to show that the homs of a h-pullback of n-
categories are themselves h-pullbacks of dimension n — 1.

The paper is organized as follows. Next section recalls the inductive definition
of strict n-categories, introduces a notion of lax-n-transformation that gives the
category nCat a structure of a sesqui-category ([Str96, MF08]), finally the stan-
dard h-pullback of n-categories is constructed. The following section is devoted
to developing three-dimensional aspects of nCat, this is done by introducing the
notion of lax-n-modification thus giving nCat a structure of a sesquiZ-category;
the end of the section describes a 2-dimensional universal property that defines
of h2-pullbacks in nCat; Theorem 3.13 show that h-pullbacks of n-categories sat-
isfy the 2-dimensional universal property referred above. In other words n-Cat
is a sesqui?-category with h-pullbacks. The last section analyzes the different
environment encountered throughout the paper: the notion of sesqui-category
is recalled while the new notion of sesqui?-category is introduced and charac-
terized.

The present work is based on the PhD Thesis of the author [Met08b], under the
supervision of S. Kasangian and E. M. Vitale.

2 Strict n-categories

In the first part we begin by recalling a standard construction of the category
n-Cat, of (small) strict—n-categories and their morphisms, inductively enriched
over the category (n — 1)-Cat (see for instance [Str87]). Then we give n-Cat
a structure of sesqui-category, in order to take into account the 2-morphisms,
namely lax—n-transformations, and their compositions. Indeed this is the min-
imal setting in which to embed our notion of exact sequence. Nevertheless
in developing the theory we are forced to consider a slightly richer structure
that we have called sesqui®—category, that extends that of sesqui-category by
considering 3-morphism namely lax—n-modifications, together with some kind
of compositions. For the basics on sesqui-categories and sesqui?-categories we
refer to the last section.



2.1 The category n-Cat

For n = 0, 1 we can safely consider the usual category of small sets and categories
respectively. Hence let us suppose n > 1.

A (strict) n-category C consists of a set of objects Cp, and for every pair
co, ¢y € Cp, a (n-1)-category Ci(co,cp). Structure is given by morphisms of
(n-1)-categories:

0
W (co)
I ——= Ci(co, o) , Ci(co, ch) x Ci(ch, ) —>Cy(co, cf) ,

called resp. 0-units and 0-compositions, with ¢y, ¢, ¢ any triple of objects C.
Axioms are the usual for strict unit and strict associativity.

Notation: Cell dimension will be often recalled as subscript, as ¢ is a k-cell
in the n-category C. Moreover, if

Ch i Ch—1 —> Chq i Ch_n —> Clg i s —>-n1c1 —>C):co— Cp,

¢k can be considered as an object of the (n — k)-category

[+ [Caleosehllers )] -] (enmichoy).

In order to avoid this quite uncomfortable notation, the latter will be renamed
more simply Cy,(cx—1, ¢},_;), while with C, we will mean the disjoint union of all
such. Finally, 0-subscript of the underlying set of an n-category, will be often
omitted.

A morphism of n-categories is a (strict) n-functor F : C — D. It consists of
set-theoretical map Fy : Cy — Dy together with morphisms of (n-1)-categories

Flco706 : C1(co, ¢fy) —= D1 (Fyeo, Focpy)

for any pair of objects cg, ¢f, of Cg, such that usual (strict) functoriality axioms
are satisfied. Let us notice that subscripts and superscripts will be often omitted,
when this does not cause confusion.

Routine calculations shows that these data organizes in a category, with finite
products and terminal object defined in the obvious way [Met08b].

2.2 The sesqui—categorical structure of n-Cat

The category Set can be easily endowed with a trivial sesqui—categorical struc-
ture. For n = 1, the category Cat is a 2-category, with natural transformations
as 2-cells. Hence it has an underlying sesqui-category.

Again we can suppose n > 1. For given n-functors F,G : C — D, a lax n-
transformation « : F' — G consists of a pair («p, ;) where the first is a map

’
ap : Co — Dy such that ag(co) = ae, : Feg — Geg, and ay = {a7”®}e, o ec, s



a collection of 2-morphisms of (n-1)-categories

satisfying axioms below:
o (functoriality w.r.t. composition) for every triple of objects co, cf, ¢f of Co,

00700 X (Cl 007

//\\

Ci(co, cp) X Dl(FOCo,FOC idx G50"°0 F00 % 4q D1 G0607GOCO) x Ci(cp, €p)
idx(*OOéoCS) 007 CO >< Dy G()CO, G()CO) D4 (F()Co, Foco >< (Cl CO, CO (apcoo—) xid
w ) B m\

/
Ci(co, cp) x D1 (Foch, Gocy) D1 (Foco, Goch) x Ci(ch, cq)
en.eh el
F 0% x4d idx G070
]D) (FoCo, FoCO) X Dl F()CO, Goco F()Co, G()CO >< ]D)l (G()CO7 GoCO)
1(Foco, Goco)

Ci(co, cp) x Ci(co, co)

|+

COa CO
0> cff oo’ el
/ CO,CO \
/
Dl(Foco,Foc ) <: G0607GOCO)

Dl (FoCo, GUCO

o (functoriality w.r.t. units) for every object ¢q of



(C07
il I

luo(m)

Ci(co, co)

FLosc0 Ggo-co = id (3)
[aoco]l | <= | [eocol
a0:c0

D (Foco, Foco) <: D1 (Goco, Goco)

D1 (Foco, Goco) Dy (Foco, Goco)

In the sequel we will refer to diagrams like (1) as to naturality diagrams for the
2-morphism a. A n-transformation is called strict when all a;;*~ are identities.

nCat: the hom-categories

In this section we describe, hom-categories n-Cat(C, D), once n-categories C
and D are fixed.
Given the diagram:

one defines a (vertical, or 1-)composition w ' a: E => G in the following way:
e for every object ¢y in C,

[w el alg(co) = woco ° ey @ Ecyg — Gey
o for every pair of objects co, ¢(, in C, the diagram below describes

7 7 !
Co,C, Co,C, Cp,C
[we! a] = (wco oay” °> o! (wlo’ 0 oacf))

Cy(co, )
/ \

Dy (ECO, ECO) Py (GCQ, GC())
—owc6 ""fo Dl <F007 FCG) aioycé acgo—
% h
D4 (Ecy, Fcp) = ° D (Feo, Gep)
7oo¢c6 wepo—

Dl (ECO, GC6)

To prove that these data give indeed a 2-morphism, unit functoriality (3) and
composition functoriality (2) equations must hold To this end, chose an object
co of C, then

U(CO)((O‘(:EO’CO (WCOO_))'I(meCO (—oae,))) & idaco (WCOO_)'lidwco (—oar,) @ id[wa]co



where (7) follows for units functoriality of w and «, while (i¢) from functoriality
of constant functors. This proves unit functoriality.

Concerning composition functoriality, take three objects ¢, ¢, and ¢} in C, and
consider the following diagram:

[co,chIX[ch .y ]

idXF1 / N\
1dxFy F]X’Ld

[00700 [ECO)EC(]/] / [GF‘LGCO 00706/]

/ o

Xixw idxG1  Erxid
[co,co [Fcpy,Fey o [FCO,FCO [co.co
de"‘ S “Xy

idx(wcho— —oacy )Xid
(weoo—) [co,chIX[Gey,Gey | Eco,EcylX[ch,cy] ( ‘)\

idx(—owcy (aepo—)xid

idx(—oacy wepo—)Xid
[co,coIX[Ecq,Fey ( o) (weoe ) [Feo,Geglxeg,el]
i , (—owey)xid
idx(acyo—) \
idx(—oa //) 0,co]X[Feg,Geg] ECO>F00 [co (wepo—)xid

(El( )owco)xul zdx(a(‘OOGl
/de(w ;o— T e ( oaco)xzd

[Eco,Fci|X[Fej,Gey

[co,colX[Ecy,Gey ] [Eco,GclX[cg,cq ]
o
[Eco,ch)]X[Ecg,Gcﬁ v [Eco,GcX[Gey,Gey ]

°" [Ecg,Gcy] ©

After applylng the product interchange (see section 4.2) to 2-morphisms wlo’co
and aco’éo by functoriality of 2-morphisms in (n — 1)-Cat the two sides of

" "
€0,Cq 1, ,co,c—0

the diagram give [o¢, s cr](a]”° (we, © —) % Wy (—oagy)) that is exactly
[w el a]i”’cé{, and this concludes the proof.

Given a morphism of n-categories F': C R ) , it is possible to define the unit
2-cell of F, This is denoted idp, with [idr]o(co) = idp., and [zdp]co’co =1id 0t
It is straightforward to see that these give a 2-morphism, and prove the follovmg

Proposition 2.1. Let us fix n-categories C and D. Morphisms between them
and 2-morphisms between those form a category, with composition and units
given above.

nCat: the sesqui-categorical structure

In the next sections we will introduce reduced left/right compositions of mor-
phisms and 2-morphisms of n-categories, in order to show that nCat has a canon-
ical sesqui-categorical structure. Notice that 0Cat=Set has a trivial sesqui-
categorical structure (all 2-cells are identities), while 1Cat=Cat has a canonical
2-categorical structure, that inherits a sesqui-categorical structure, forgetting
horizontal composition of 2-cells. Hence we may well suppose n > 1.



Given the situation

one defines reduced horizontal composition N ¢’ o : NF = NG : B — D (or
0-composition) in the following way:

e for every object by in B,

[N #% alo = ag(N(bo)) : F(N(bo)) = G(N(bo))
o for every pair of objects by, by of B, the diagram below describes [N o° c)z]l{"’b6
by means of reduced left composition in (n — 1)Cat:

bo,b) bo, bl Nbg,Nb,
[N’ a7 :N10'0°00410 ’

Bl(bOabé)

tcl(Nbo,Nb y

/ Nbo NN

Dy (NF(bo), NF(b,)) <= Di(NG(bo), NG(b}))

]D)l( NG(by))

To prove that these data give indeed a 2-morphism, one shows that unit and
composition axioms (3) (2) (see [Met08b]).
Moreover, given the situation

[NF],

in nCat, left-composition defined above satisfies axioms (L1) to (L4) of Propo-
sition 4.2.

(L1)
Idc o o = a

Proof. Let objects cg, ¢} of C be given. It is clear that

0
[ldc e O‘}Co eh) Qrdg(co) = Qe



and also that
’ ’ ’ ’ ’
0 €0, €0, C 0 _ cCo,C 0 _ cCo,C C0,C
[Idc " a];”™" (@eh [Idc];"™ o a”™* W IdCl(cO,c()) oo @ay

where (1) comes from the definition of identity functors, and (2) is axiom (L1)
for (n — 1)-Cat.
O

(L2)
MN o° o= M &° (N &% )

Proof. Let objects ag,af of A be given. Then
[MN o o, “eD arrN(ag) = ON(Mag) D [N 07 ara, @ [M o7 (N o a)]g,
Furthermore,
[MN .O 0461107@6 (déf) [MN]C{'Ovaé .0 ai\/IN(aO)vMN(a(,))
M{LO,aGNfWaO,Mag .0 ai\/IN(ao),MN(aé)
o) Milo,a(’) o0 (NlJ\/Iao,Maé o0 aiV(Mao),N(Ma(’)))
(déf) M{lma(/) .0 [N .0 Oé]i\/[amMa()
wn  [M e (N o a)]i"
where (1) is axiom (L2) for (n — 1)-Cat.
(L3)
N o0 idp = idyF
Proof. Let objects by, b of B be given. Trivially,
[N o idp]y, @b lidp]ny, = lidnF]b,
and
[V % idp]??  wen NP0 ¢0 [jgp) NP0 N (1) pbobo g0 id gy =

. . ) bo, b,
(2) = (def) 7o
N T R VU lidnFly

where (1) comes from the definition of identity transformation and (2) is axiom
(L3) in (n — 1)-Cat.
O

(L4)
N e (ae! 3)=(Ne"a)e! (N3

Proof. Let objects by, b, of B be given. On objects:
[Ne% (e B)]y, “eh) [ae' B]np, = an, 0N, (1) [No aly, 0[Ny, = [(Ne’ar)e! (Ne®B)],

On homs:



[N o’ (« ol ﬂ)]lio’b‘/) (def) Nfo’bé’ o’ [a ol ﬂ]i\]bo’Nbé
N (B WO (g =) o (o] 0 (=0 00 )
@ (me o0 BNbo,Nb 0 (aNbO o _)) ol (Nfo,bf) o Nbo,Nb;J o0 (_ OﬁNbo,Nb()))
wn ([N o0 G &0 ([N o]y, 0 —)) o ([N o a]i™ o (— o [N o fy))
@ [(Ne®a)e! (N o0 g0t

where (1) and (3) hold by definition of vertical composites of 2-morphisms, (2)
by axiom (L4) in (n — 1)-Cat. O

Given the situation

(C/j]a\{]@;ﬂ@
S

one defines reduced horizontal composition a ¢® L : FL = GL : C — E (or
0-composition) in the following way:

o for every object ¢y in C,
[ave® L)o = L(ag(co)) : L(F(co)) — L(G(co))

e for every pair of objects cg, ¢ of B, the diagram below describes [« o0 L]7"°
by means of reduced right composition in (n — 1)-Cat:

/ / /
0 co,¢o __ _co,cy 0 7Fco,Geg
[a o LI} = a;"™" " L

(Cl COaCO

Dy (F(co), Fcp)) <= Di(G G(bp))

Li - \_m, o / L

o N yd N
El(FL(Co),FL(éé)) D1 (F(co), G(cp)) El»(_GL(Co), GL(c))

—oLlag ) l b (e )o
Ey(FL(co), GL(cp))

Again one must show that these data give indeed a 2-morphism, i.e. that unit
and composition axioms (3) (2) hold, and that right-composition defined above
satisfies axioms (R1) to (R4) of Proposition 4.2. In fact the proofs are quite
similar to those of left-composition, and can be found in [Met08b].



Finally, in the situation

F
N AT T L
B———=C a D—— S E
\_/

a

a whiskering operation may be defined if the following equation holds:
(LR5)
(Noa)oL=No(aolL)

Proof. Let objects by, bj, of B be given. Then the following follows immediately
from definitions

[(N #%a)e® L]y, = L([N % a]y,) = L(any,) = [’ L]ny, = [N o (a0 L),

0
Analogously, consider:

(Ne®a)e® ] = [N®a" a0 L]
_ (Nf(lasz .0 ai\’bO»Nblo) .0 Lf(NbO)aG(NbEJ)

(Nbo),G(Nbg)

’ ’ /
W NPt g0 ( o Vo Nb g0 Lf(Nbo),G(Nb()))

bo,by Nbg,Nb),
— Nlo 0 .O [Oé .0 L]l 0 0

= [N (as® L)
where everything comes directly from definitions, but (1) that is exactly the
whiskering in (n — 1)-Cat. O
Products in nCat: 2-universality of categorical products

In order to close the induction on the definition of nCat, all we need is to show
that it admits finite products, according to the 2-dimensional Universal Property
4.7, i.e. to show it admits binary products and terminal objects. Here we give
just an idea of the proof.

Let two n-categories C and D be given. We know from the discussion above
that the underlying category |n—Cat| admits a (standard) product of C and D:

CxD

N

C D
Now suppose we are given two 2-morphisms
a:A=>A:X=>CxD, B:B=B:X—->CxD

According to Universal Property 4.7, what we want to prove is that there exists
a unique 2-morphism 6 : T = T’ : X — C x D such that

0 Tlc =c, 0o IIp=72, (4)

10



In fact T and T” are determined by the 1-dimensional universal property: T

017~ —
is such that (and univocally determined by) ;:0 gc B g , T is such that
D=
. . T’ 00 H(C = A/
(and univocally determined by) T' Tl = B -
The 2-morphism 6 = (6y,0;) is given by letting 0g(xg) = (ao(z0), Bo(xo)) and
g0t = (030, 70 )

Let us observe that in order to guarantee the compatibility of the definition
w.r.t. domains and co-domains, and in order to show that the pair (fy,6;) is
indeed a 2-morphism of n-categories, the 2-universal property of products in
(n — 1)-Cat must be used.

3 The sesqui’—categorical structure of n-Cat

3.1 Lax n-modification

So far we have shown that n-categories organizes naturally into a sesqui-category.
This gives a setting to deal not only with n-categories and n-functors, but also
with their 2-morphisms, namely lax-n-transformations.

Yet the necessity of dealing with 3-morphisms (lax-n-modifications) is the reason
why we have introduced the new concept of sesqui’-category, as detailed in
Appendiz 4.3. In fact, most of the theory relies on the 2-dimensional setting
provided by the sequi-categorical structure developed in the previous sections.
Nevertheless a notion of 3-morphism will be the main tool in giving the pullback
construction in n-Cat a good behaviour with respect to its sesqui-categorical
structure. Hence the rest of the section is devoted to give a proof of the following

Theorem 3.1. The sesqui-category nCat, endowed with 3-morphism, their com-
positions, whiskering and dimension raising 0-composition of 2-morphisms is a
sesqui?-category.

This is done by means of the characterization given in Theorem 4.14.

As usual the approach is genuinely inductive, starting with the well known
definition of a modification in Cat [Bor94].

Hence suppose given an integer n > 1.

A lax n-modification A: a=p: F=G:C—D

\/

is a pair (Ag, A1), where

e Ng:Cyp—— COECO[DQ(QO(CO),ﬁo(co))]o is a map such that, for every cq in

Co, Ag(co) : ao(co) == Bolco) -

11



o (n-naturality) for every pair of objects co, ¢}, of C, a 3-morphism of (n — 1)categories
that fills the following diagram:

i.e.

’
co,co
co,cl Ay co,cl
G170 @Y (—oac)) == F{ & (— o acf)
1 o) e 0

1

ideg (ACOO—)\U/ \U/idoo(—oAco)
G &0 (Beg 0 =) == F{"* & (= 0 )
B0

These data must obey to functoriality axioms described by the following equa-
tions in (n-1)-Cat:
o (functoriality w.r.t. 0-composition) for every triple co, ¢, ¢ of objects of C

/ / 1 / ! 1" 17
€0,Cq C01C0 \ o2 €0,Cq C0sCo\ __ co,ch,cl 0 A C0,Co
(AP0 0GP0 ) % (F1770 0 AY70) = (— o0 —) o A

where the 2-dimensional intersection is the 2-morphism F(—) o Acj o G(—).
o (functoriality w.r.t. units) for every object ¢o of C

u(cp) o’ AT = Idjpcq)

We write [Aco] for the constant 2-morphism given by Acg.

Notice that both functoriality axioms for 3-morphisms reduce to those for 2-
morphisms, when we consider only identity 3-morphisms (i.e. 2-morphisms
considered as 3-morphisms).

In the same way functoriality axioms for 2-morphisms reduce to those for 1-
morphisms, when we consider only identity 3-morphisms (i.e. 2-morphisms
considered as 3-morphisms).

3.2 n-Cat(C,D): the underlying category

Here and in the following three small sections we consider n-categories C and D
be given. We consider a sesqui-category structure over the category n-Cat(C, D).
As we did in defining the sesqui-category nCat, we start by showing the under-
lying category structure. This has been already detailed in section 2.2, hence it
suffices to recall that:

e objects of [n-Cat(C,D)| are n-functors C — D);
e arrows of [n-Cat(C,D)] n-lax transformation between them.

Composition is 2-morphisms 1-composition, obvious units.

12



3.3 n-Cat(C,D): the hom-categories

Let us fix n-functors F, G : C — D. We have to define categories (n-Cat((C7 ]D))) (F,G),
or more simply n-Cat(F, G).

e Objects of n-Cat(F, G) are 2-morphisms « : F' = G}

e Arrows a —  are 3-morphisms of n-categories.

Composition
For 3-morphisms A = (Ag,A]"") :a — fand ¥ = (20,277 ) : f — 7 their
2-composition A 2 ¥ : o — v is given by the following data:
e (on objects)
[A o Z]O 1Co > ACO ol Yico

e (on homs) For chosen objects cg, ¢, one has
A B[ = (G0 o (Acpo—)) o B[ D) 6% (A O ol (F{" o0 (—02ch)))

We can represent this also as a 2-dimensional pasting, sometimes useful in
proofs:

ide®(Acoo—) ide®(Scoo—)

’ ’ ’
G0 &0 (acy o -) G o0 (Bey o -) G 0 (10 0 )

/ I
c0,cq c0,cq
/ Al / El /
co,cq cpco cpco
ay 1 Y1

FO 89 (— o ach) F{™ o (= 0 fch) F{™ o (= 09c))

_ _
ide” (—oAcy) ide®(—oXc)

These data form indeed a 3-morphism, as the clever reader can personally check

by 2-dimensional diagram chasing: in fact only 2-morphisms and 3-morphisms
enter into the proof, that uses product interchange rules in dimension n — 1.

Units

For any 2-morphism 8 : F' = G : C — D its identity 3-morphisms idg is given
by:

e (on objects)
[Zdﬁ]o L Co > idﬁco

e (on homs) For chosen objects cg, ¢, one has
lidg]y ™ = idﬁl_’_

It is immediate to check that above pair is indeed a 3-morphisms.
Similarly associativity and neutral units follows from same properties for 2-cells.

13



3.4 n-Cat(C,D): the sesqui-categorical structure

In the this section we will show that hom-categories n—Cat(C,D) underly
a structure of sesqui-categories, with 2-cells provided by 3-morphisms of n-
categories. To this end we define reduced left/right 1-composition of a 3-
morphism with a 2-morphism, according to the following reference diagram.

Reduced left- and right-composition
The 3-morphism w ! A: we!la=>we! S is defined for ¢y, ¢, in C by
[wel Alo(co) = we, 0¥ A,
wel AJ0 = (Aio’c6 o0 (wep o 7)) ol (wio’cé’ (—o 503))
= (weg 0 AT o (w0 0 )

The pair ([w e! Ay, [w o' A];"") forms indeed a 3-morphism of n-categories. In
fact it satisfies composition and unit axioms, as one can prove by induction with
a consistent use of the characterization of sesqui?-categories given in Theorem
4.14. Similarly, the 3-morphism A el o : ae! o => el o is defined for ¢, cf
in C by

[Aola]o(co) = ACU OOUCO
Aol = (60 e (ayo ) oF (AT o8 (o))

= (acpo o’fo’cé) ol (Aie’cé oocy)
The pair ([Ae! o]y, [Ae! g];"7) forms indeed a 3-morphism of n-categories. The
proof is a straightforward variation of the proof for reduced right-composition
above.
Next Proposition gives some properties of left /right 1-composition of a 3-morphism
with a 2-morphism (for a proof, the reader is addressed to [Met08b]). They are
modeled on similar properties given in the definition of a sesqui-category, and
they are extremely useful in dealing with calculations.

Proposition 3.2. (2-composition (i.e. wvertical) composition of 3-morphisms
w.r.t. (reduced) 1-composition with a 2-morphism) In the situation described by
the diagram below, the following equations hold:




(L1)" idr e}, A=A (R1) Aekids=A

(L2) (W' o' w)ep A=w'e] (wep A) (R2) Aeg(0ce'c’)=(Aego)er0
(L3)  we} idy = idua (R3)'  ide 0k 0 = idao

(L4)" wep (Ao’ )= (wep A)e? (wer D) (R4) (Ae’T)epo=(Aepo)e” (Tep0)

(LR5) (el A)eho=we} (Aeko)

3.5 0-whiskering of 3-morphisms

In this section we define reduced left /right 1-composition of a 3-morphism with
a l-morphism, according to the following reference diagram.

F

B2 ¢ ﬂzﬂﬁ D" . E

G

Reduced left and right-composition

The 3-morphism E e’ A: Ee%a=> E e 3 is defined for by, b)) in B by
[E .0 A]O(bo) = A(Ebo)

[B o0 A" = B0 (—) o0 AT
The pair {[E " o]y, [F e’ a];") forms indeed a 3-morphism of n-categories (see
[Met08b]).
Similarly the 3-morphism A ¢ H : «e’=> 3 e H is defined for ¢y, ¢}, in C by

[A .0 H]O(Co) = H(AC())

’ ! F G U
[A .0 H];Oaco — ATO:CO .0 Hl Cco,Gcy

The pair ([Ae" H]o, [A° H]"") forms indeed a 3-morphism of n-categories (see
[MetO08b]).

As we did in describing the sesqui-categorical structure for homs in nCat, we
use again a left-and-right approach to describe properties of the O-whiskering of
of a 3-morphism with a morphism. This is done in the next statement, a proof
can be found in [Met08b].

Proposition 3.3 (2-composition (i.e. vertical) composition of 3-morphisms
w.r.t. (reduced) O-composition with a (1-)morphism). In the situation described
by the diagram below, the following equations hold:

F
A E’' B E C m 5 " . ITe F
\—B/
G
(L) idc 3 A=A (R1)" Ae%idp=A
(L2)" (E' o2 E) e} A=F' o2 (E el A) (R2)" Ao (H e} H')= (Ao H) oY H
(L3)" E oY idy =idyeo, (R3)"  id, ®% H =id_ 40 5
" 0 A 2 7L 0 A 2 0 " A 2 0 7RA 0 2 0
(L4)" Eep (Ae*Y)=(Ee; AN)e“ (Eer Y) (R4)” (Ae°X)ep H=(Aegr H)e* (T ep H)
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(LR5)" (B e} A) ey H = E e} (Aey H)

Before switching to next section, let us give a last property that express at once
functoriality of left and right O-composition with a morphism. To this end, let
us be given also 2-morphisms w: M = F and o : G = N, as represented in
the diagram below

Left/right 0-composition of a 3-morphism with a morphism satisfies also the
following property that relates 0-whiskering w.r.t. 1-whiskering:

Proposition 3.4 (Whiskering interchange property).

(LRW) B (wah Aaho) ok H — (el H)ob (B, Aoy H)o (Eal ooy H)

3.6 Dimension raising 0-composition of 2-morphisms

Let two 0O-intersecting 2-morphisms of n-categories be given.

F H
N N
CﬂaDﬂBE
NV A NNV A
G K

It is easy to verify that in general

a\B:=(Fe’pB)e' (ae" K)# (ae’ H)e' (Ge'B)=:0a/p

F H F H
7N N T RN
C DHBE ¢ lep” E
Vo s
F K #* G H (5)
N N
cﬂam E C DﬂﬁE
Vo N A NV
G K G K

Indeed they give the data for a 3-morphism

axf:a\f==a/f

16



In fact, for every object ¢y of C one defines

H(FC())
BFcq Hacg
/ﬂl(aq))
[axBloico = K(Fcy) =———= H(Gc)
o e
K(GCO)

Moreover for every pair of objects cg, ¢ of C one defines
co,cy __co,cg Feo,Gcey
o B0 =00 = By

A detailed proof that the pair ([« * B]o, [e * 8]; ) satisfies the axioms for a
3-morphism can be found in [Met08b]. It is quite long and involves some 3-
dimensional diagram-chasing and sesqui?—categorical properties. Here we will
be content to persuade the reader that domain and codomain of [« * ﬂ]co’c“ are
well defined.

First we write the diagram that represents the 3-morphism of (n-1)categories

co,Ch co,Ch Fco,Gc) co,cl Fco,Gc)
[ax B100 0 a0\ By T == a8 T
i.e. the composition

[607 CO]
/ C0 C(J \
[Feo, Fep) R N [Geo, Gep)
L

—oaco xCpO—

[Feco, Gep) .

/Hl/ ﬁfﬂo,GCB T~
[H(Feo), H(Gepy)] s————= [K(Fco), K(Gcp)]

/

cpo—

“GE (Fey), K (G
Its domain is computed below

Co, CO

[FH]: acpoG1(
/ [GH]l \
€0-¢Q
[H(Fco), H(Fcp)] H(Gcyp), H(Gep)] [Feo, Gep)
_OHQ((:U l % A/GCO l/ H;y
[H(Fey), H(Gep)) H(Fey), H(Gep)) K(Fey), K(Gep))
705Gco OﬁGCO\L BFcoo—

H(Feo), K(Gep)]

Now, by functoriality w.r.t 0-composition, with constant left composite one has

(acoo —) o 6{00,(?66 _ (Kcho,Gcg o* (B1(aco) o _)) ol (Bcho,Gc& o” (Hocy o _))

17



and by definition of *-composition on objects,
= (chco’Gcé’ o ([ * Bleg o —)) o! (ﬂlGCO’GC() o’ (Hacy o —))
Hence we can redraw the domain

C()7 CO

y [GH] w\
co CO [Gﬁ]co‘co
0

[H(Fco) (Fep) Gco) H(Gc))| <= [K(Gcp), K(Gc})]

/
7oHo¢cO 7oﬂGc0 BGcopo— Kacgo—
Hacoo— /

[H(FCo) (Gep) GCO) K(Gep)] === [K(Fco), K (Gcp)]

0
— 0BG,

H(Feo), K(Gep)]

And this completes the domain-part. Concerning the codomain, the calculation
is similar and it is left to the reader.

Remark 3.5. We have adopted the *-symbol instead of the more obvious % in

order to emphasize the dimension-raising property of this composition. Never-
theless *-properties w.r.t. other #’-compositions are somehow better understood
thinking only in terms of °.

The following statements give some properties of dimension raising composition
of 2-morphisms. The proofs inductively relies on the similar properties in lower
dimension, and can be found in [Met08b].

Proposition 3.6. Given the case

F H
R

If a is a lax natural n-transformation and B is a strict natural n-transformation,
the composition o * 8 is an identity.

In this case it is possible to deal with dimension preserving 0-composition of
2-morphisms, by letting

axf = dom(a * §) = cod(a  3)

Importance of Proposition above is in that it allows to right-0-compose freely
with constant transformations, such as — o ¢y or cg o — for a 2-cell ¢p : ¢; = ¢} :
cp — cp.Notice that it does not hold for « strict and S lax, since in this case
the result is a strict 3-morphism.

Let be given the situation

F H

B SN N .
B——=C a D HB E——TF
\/4 \/

G K

one has the following

18



Proposition 3.7 (x-associativity 1).
(LxA) (Eo}a)sf=Ee}(axB) (RxA) ax(BelL)=(axB8)e}L
Proposition 3.8 (x-identity).
(L) itdpxa=idge, (R) axidg=id,epy

In the situation

r H
TR o
C ﬂa D——D ﬂﬂ E
N N
G K

one has the following
Proposition 3.9 (x-associativity 2).
ax (M e} B) = (a ek M)

In the situation below

D F K
SN é@ TR
B \H/w (CT]D) ﬂ/’y E
V7 B V7
E \\/ L

one has the following

Proposition 3.10 (x-functoriality).
(@) (ao'B)sy=((ax) e (Be"L)) o ((a s’ K)o (347))
)  wx(aelf) = ((w xa) el (E o 5)) o2 ((D ) el (W B))

3.7 h-Pullbacks revisited: h2-pullbacks in n-Cat

We introduce here a notion of 2-dimensional h-pullback in the sesqui?-category
n-Cat. Indeed the notion of h2-pullback can be formulated in any sesqui?-
category, and it is easy to show that h2-pullbacks satisfy trivially the 1-dimensional
universal property (see Proposition 3.12), hence they are also h-pullbacks. For
instance, our construction of the standard h-pullback of n-categories is an in-
stance of such a 2-dimensional one.

In order to fix notation, let us consider two n-functors F': A — Band G : C — B.
A h%-pullback of F and G is a four-tuple (P, P, Q,¢)

G

E<—0

p_9.
Pl 7
A—>

F

that satisfies the following 2-dimensional universal property:

19



Universal Property 3.11 (h2-pullbacks). For any other two four-tuple

(X, M,N,w) (X, M,N,&)

x -, ¢ x-~. ¢
and ]

| o lc Ml 4 lG

A——DB A——DB
F F

. 3—morphism %
2—morphism «,

M.OFéM.OF

N G———=NG
Be°G

there exists a unique \: L = L: X — P such that (UP)
1A P=q, 2.2"Q=p53, 3. Axec=23.
As an immediate consequence of the definition, we state the following

Proposition 3.12. 2-Universal Property of h?-pullbacks implies 1-dimensional
one. Hence h?-pullbacks are defined up to isomorphism.

Proof. Just put «, f and ¥ identities. O

Let us notice that Proposition 3.12 holds in every sesqui?-category. More inter-
estingly in n-Cat a kind of converse to this proposition also holds.

Theorem 3.13. The sesqui®-category n-Cat admits h?-pullbacks. In fact given
two n-functors F : A — B, G : C — B, their standard h-pullback (P, P,Q,¢)
satisfies also Universal property 3.11.

Proof. Firstly we remark that 1-dimensional Universal Property 4.10 of h-pullbacks
applied to the four-tuple (X, M, N,w) yields an L : X — P, while applied to
(X,M,N,d)), a L : X = P. Those have to be domain and co-domain of the
2-cell provided by the universal property, namely A : L = L.

We recall the constructions in order to fix notation.

For xg,x( objects of X, Lo is defined by Lo(xo) = (Mzg,ws,, Nzg), while
Lgfo’xé is given by the universal property in dimension n — 1, i.e. it is the
unique morphism X; (zg, 24) — P1(L(z0), L(x()) such that Lf”’zg’ o’ Pleo’ng =
Moo [To"o o0 QEvoleo — yroto proto g0 JLro- LTy _ H0T0 The pair [ =
(Lo, L7"7) is a 1-morphism. Similarly one determines L = (Lo, Ly’ ).

Now we show that remaining data (namely, «, 8 and X) of the hypothesis
provide a 2-morphism A : L = L that satisfies required property. In fact the
object-part is defined directly

)\5170 = (al’(nzz(nﬁzo) : LCEO — _i/{I,‘(),
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’
while A0~

]%Dl (L,CE(), LZCO)

is given by the 2-universal property for (n-1)categories. In fact the 0-codomain

of )\To,z{)7 namely P (Lao, Lz}) is defined inductively as a h2-pullback in (n-1)-
Cat:

A szo,ﬁz() N
P1(Lao, Lap) €1 (Nwo, Nap)
| i J/Givxo,ANzo
pheo Ll — B: (G(Nxo), G(Na))

oo

Ay (Mfo,Mxo)WlBl( (M), (Mffo))—w%ﬂBl( (M), G(Na))

Over the same base are also defined

’
Z0:T0 ’
Ny ofxy

Xl(l'o,l'é) (Cl(NZL'O,N{E/O)
o ¢GN3:O,I\ATT,6
/ / // ’ 7
MO "0 oaz 0 = (oG (M emi) By (G(No), G(Nxp))

i/wwoof

Ar(Mao, May) ——— B (F(Maxo), F(Mzy)) ———— By (F(May), G(Nap))

Mz, Nz, —owx|)
and
Bx oNfO'm{) A
X, (20, ) . Cy(Nxzo, Naj)
¢GNm0,Nz()
, , / , 1 R
aazooMfo’wo 0 = (EIOO[NG}TO’OEO)ol(F(axo)od;fo’wo) B1(G(NJ)0), G(NJ?/O))
=

i/wzoof

Ay (Mo, Mx)) By (F (M), F(Mx})) By (F (M), G(Nz)))

FMzD,Mm() —owx
1

’
0
Moreover we can consider 2-morphisms:
0,2, N0, T 0,2, ~
a0 azgo MY = MY o amy + Xy (wo, xg) — Ay (Maxo, M)

’ A ! / Y
POT0 s Brg o Ny = NYO™ o Bagy : Xy (w0, 4) — Ay (Mzo, M)

and the 3-morphism
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/
B0 0e%d ’ V!
1 (leo,wo o ﬂl"/o) ol (wa:o o GiVIO’NID)

— ﬂe

(Bo 0 NY™) & (wag 0 Gy " 7%)

’ ﬂ =
(g 0 M"Y & (BMOM0 6 ) s (M 0 ) o (B0 0 )

’
xg,T .
/310 04%id

Finally we can apply the universal property, in order to get a unique 2-morphism
AP0 L0 0 Axh = Ag o LT

such that )\fo’x‘g o0 szo’hé’ = f"’%, )\TO’% oY PleO’i:ci’ = o/f"’% and )\To’x‘/) *
leIO’Lwé’ = ETO’% The proof that the pair A = < \g,A\]"~ > is a 2-morphism
of n-categories is quite technical. The interested reader will find it in [Met08b],
Lemma 6.4.

Moreover it satisfies by construction Universal Property 3.11. Finally

N xelag = e(Aao) = (g Do Bao)) = Eizg

and
_ 210,156

10,16 IQ,ZES Lwo,iﬂ)é
[\ * el =A * €] =3

1

To conclude the proof we still need to prove uniqueness. But this will easily
be achieved. Indeed the object part of 2-morphism A satisfying the universal
property is univocally determined by the fact that Py, Qo and g are projection,
and once that is determined, uniqueness in dimension n —1 guaranties the homs
part. O]

4 Higher dimensional structures

4.1 Sesqui-categories, their morphisms and 2-morphisms

The notion of sesqui-category is due to Ross Street [Str96]. More recent devel-
oping can be found in [MFO08]. The term sesqui comes from the latin semis-que,
that means (one and) a half. Hence a sesqui-category is something in-between
a category and a 2-category. More precisely

Definition 4.1. A (small) sesqui-category C is a (small) category |C| with a
lifting of the hom-functor to Cat, such that the following diagram of categories
and functors commutes, obj being the functor that forgets the morphisms:

Cat (6)
obj
C|°P x |C] ———————Set
O R o R T e

Objects and morphisms of |C| are also objects and 1-cells of C, while morphisms
of C(A, B)’s (with A and B running in obj(|C])) are the 2-cells of C.
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We first observe that the definition above induces a 2-graph structure on C,
whose underlying graph underlies the category C. Besides, the functor C(—, —)
provides hom-sets of the category |C| with a category structure, whose com-
position is termed wvertical composition (or 1-composition) of 2-cells. Finally,
condition expressed by diagram (6) on the lifting C(—, —) gives a reduced hor-
izontal composition, or whiskering (or 0-composition), compatible with 1-cell

composition and with the 2-graph structure of C. In fact, for A’ —%> A and

B—'>B in |C], the functor
C(a,b): C(A,B) ——=C(A", B')

gives explicitly such a composition: for a 2-cell a: f = ¢g: A — B , it whiskers
the diagram

A2 s A

to get the 2-cell
ae feb

A’/ﬂDB’
V

aegeb

where aeeb is just a concise form for C(a,b)(«). By functoriality of whiskering,
the operation may also be given in a left-and-right fashion. In fact it suffices to
identify

aepa=aecaelp, «aqegpb=1peaeb

This fact can be made precise, and gives a more tractable definition, by the
following characterization (see, for example [Gra94, Ste94]):

Proposition 4.2. Let C be a reflexive 2-graph Co == C; === Cy whose

underlying graph |C| = C1 ===Cy has a calegory structure. Then C is a
sesqui-category precisely when the following conditions hold:

1. for every pair of objects A, B of Cy, the graph C(A, B) has a category
structure, called the hom-category of A, B.

2. (partial) reduced horizontal compositions are defined, i.e. for every A'; A, B
and B’ objects of Cy, composition in |C| extends to binary operations

oo :[CI(A,A) x C(A, B) —=C(A', B) (7)
or C(A7B) X LCJ(BaB/)HC(AaB,) ) (8)
that satisfy equations below, whenever the composites are defined:
f
, VTN b b
fi” 4434%> f1'44343-14 a B—2s £3/4444%> /1n
g
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(Ll) 1A0La = « (Rl) (XORlB = «

(L2) daepa = dep(aer ) (R2) aepbl = (werb)erl
(L3) CLOL].f = laf (R3) ].fORb = 1fb

(L)  aep(a-f) = (aera)-(aerB) (RA) (a-f)enb = (xerd):(Fonb)
(LR5) (aepa)erb = aer(aegrb)

In these equations, 14 and 1p are identity 1-cells, while 1¢, 145 and 1, are
identity 2-cells, and - is the (vertical) composition inside the hom-categories.
Aziom (LR5) will be also called whiskering axiom.

Morphisms between sesqui-categories are termed sesqui-functors. More precisely
a sesqui-functor F :C ——= D is a 2-graph morphism such that

e |F|:[C] ——|D] is a functor,
e for every A, B in Cyp,
FAB :C(A,B)—— D(F(A), F(B))
are functors component of a natural transformation §

1C|°P x |C] (9)

that lifts [F]: [C](—, —) => (| F]°? x | F])- |P](—,-).

Remark 4.3. Notice that every functor between categories gives rise to such
a natural transformation as |§| for |F|. From this point of view, the last
condition may be re-formulated saying that a sesqui-functor is the lifting of a
functor between the underlying categories.

We can translate the definition of sesqui-functor in terms of left/right composi-
tions, according to the next easy to prove

Proposition 4.4. Let C and D be sesqui-categories, and let F :C ——1D
be a 2-graphs homomorphism, whose underlying graph homomorphism |F| is

a functor. Then F is a sesqui-functor precisely when the following conditions
hold:

1. for every pair of objects A, B of Cy, the graph homomorphism
FAP L C(A, B) —— D(F(A), F(B))

is a functor, called the hom-functor at A, B.
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2. (partial) horizontal reduced compositions are preserved, i.e. for every dia-
gram

A -2 A ﬂa B——= B

in Cy, equations below hold:

(L6) F(aera) = F(a)erC(a) (R6) Flaerb) = F(a)er F(b)

Definition 4.5 (strict sesqui-transformations). Let two parallel sesqui-functors
F,G:C—D

be given, and let be given a 2-graph transformation A : F = G whose underlying
1-transformation

A} [ F] = 9]

is a natural transformation of functors. Then A is a (strict) natural transfor-
mation of sesqui-functors when, for every a: f = g: A— B inC,

f"(Oé) or AB = AA o g(a)

F(A) —=2 G(A)
F(o) )

F(H| = | Flg) S| = |69
F(B)————~G(B)

Notice that while vertical composition of (strict) natural transformation of
sesqui-functors can be easily defined, the same is not true for horizontal com-
position. Therefore the category SesquiCAT of sesqui-categories, regardless of
size issues, is indeed a sesqui-category itself.

The notion of (strict) natural transformation of sesqui-functors is essentially of
a categorical nature. Namely the “functor”

|—] : SesquiCAT — CAT

is also a “sesqui-functor”, when we consider the 2-category CAT as a sesqui-
category.

Therefore those are just usual natural transformations that behave nice with
respect to reduced left and right compositions. For the same reason the notions
of adjunction and equivalence of sesqui-categories (w.r.t. strict transformations)
are straightforward generalization of their categorical analogues.

Generalizing sesqui-categories (Chapter 3) we will need a further notion of
sesqui-transformation, whose definition follows
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Definition 4.6 (lax sesqui-transformations). Let two parallel sesqui-functors
F,.G:C—D

be given, and let be given a 2-graph transformation I' : F = G. Then a lax
natural transformation I' : G = G is given by the following data:
e For every object A of C, an arrow

Ta: F(A) — G(A)

e ( naturality w.r.t. 1-cells) For every arrow f: A — B of C, a 2-cell

Ly: TaeG(f)= F(f)el'p

o (naturality w.r.t. 2-cells) For every 2-cella: f = g: A — B inC, an equation

TaerG(a)

FseG(f) LaeG(g)

F(f)elp ﬁ}—(g)'lﬂs

These data have to satisfy usual functoriality axioms, i.e. for every object A of C
I'v, = 1r,, and for each pair of composeable arrows f, h, (I' oG (h))(F(f)el'y) =
Lp

Let us notice that, in general, a lax sesqui-transformation is not a natural trans-
formation of the functors underlying domain and co-domain sesqui-functors.

4.2 Finite products and h-pullbacks in a sesqui-category

In the sesqui-categorical context we will refer to binary products according to
the following 2-dimensional universal property

Definition 4.7. Let C be a sesqui-category, A and B two objects of C. A product
of A and B is a triple (AX B,ma: AX B — A, : Ax B — B) satisfying the
following universal property:

for every object Q of C and 2-cells av:a=ad :Q=A, B:b=>V:Q—=B,
there exists a unique 2-cell v:q=q :Q —>=AX B with yewy = «a and
Yoy =B (write y = (o, B)).
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The situation may be visualized on the diagram below

It is easy to show that such a product satisfies also the universal property
defining categorical products.

Definition 4.8. Let C be a sesqui-category. A terminal object is an object I of
C satisfying the following universal property:
for every other object X of C, there exists a unique 2-cell £ : x = ' : X — I.

Products and terminals defined this way are determined up to isomorphism.
Furthermore finite products and canonical isomorphisms are defined as in the
categorical case.

Now we consider the 2-cells a: f =g: A— Band §:h=k:C — Dina
sesqui-category C. A 2-cell

axfB:fxh=gxk:AxC—BxD

is uniquely determined by the universal property: a x = (14 ® o, 7c ® (3).
Notice that this induces a kind of commutative horizontal composition of 2-cells,
provided they are on different product-components.

In fact, we need the following

Lemma 4.9. For a and B as above,

((LaxpB)e(fx1p))-((Laxk)e(axlp)) = ((Laxh)e(ax1p))-((Lax[)e(9x1p))

Refer to [Met08b] for a proof.

A x

Q

1axk| 14xB8 |1aXh
<

1paXh 14Xk
14Xk IAXB/ A x QXB 1axh
1axk 1axh

AXD gxip| axip | fxip AX D
—

fx1p gX1lp
1
a><1D B % axlp
fx1p Ix1p \
gx1p fx1lp

o

o
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x C <
1axk \\\::::::<;;C 9;;;::::::/// \\\::::::i<;h
*xﬁ axlc/ aXlo 1axpB
1paXh gxXlco fxle 1aXk
AxD BxC A A BxC
Ix1p 1pxh 1pxk fx1p
e
BxD BxD
AxC AxC
gxXlco fxle
a><1 fxlc gxlc ax1
Y AxC C
gx1lo
gxlc a><1c fxle

Q

B x

1pxh
1B><ﬂ
1pxh
1pxk

1pxk 1B><,8 1pxh

1pxk
1B></3
1pxk
1pxh
B x D

Lemma 4.9 allows us to define a horizontal composition of this kind of 2-cells

(Laxp)e (1 x B)

and to prove diagram equalities, such as the one above. These kind of diagram-
matic equations will be called product interchange rules.

(axlp)=axf=(axlc)e

We introduce here a notion of standard h-pullback suitable for our purposes.
This notion has been formalized by Michael Mather in [Mat76b], for generic
categories of spaces, with (eventually pointed) topological spaces in mind. It
has been further generalized to h-categories? by Marco Grandis in [Gra94]. We
(ab)use the term h-pullback, instead of that of comma-square because our first
aim is to develop a theory in the context of n-groupoids, [KMVO08b] or at least in
the contest of n-categories with respect to equivalence n-transformations, where
the two notions coincide.

Definition 4.10. Consider two arrows f : A — B g : C — B in a sesqui-
category C. An h-pullback of f and g is a four-tuple (P(f,g),p,q,€)

p—t.C

A——B
f

2A h-category is a weaker notion than that of a sesqui-category, see [Gra94].
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such that for any other four-tuple (X, m,n,Amf = ng) there exists a unique
£: X — P satisfying bp=m, bg=mn, Loy e = \.

In [Met08b] one can find a proof that Definition above defines pullbacks up to
isomorphisms, and that of the following

Lemma 4.11 (Pullback of h-projections.). In the sesqui-category C, let be given
the diagram below, where the left-hand square is commutative and the right-hand

square € is a h-pullback

q
E—

S
P

P
—  s>sB— >

¢ f

=
!

g9

N
-
-

S
Q

then the composition s ey, € is a h-pullback if, and only if, the left hand square
is a pullback.

4.3 Sesqui’-categories

The necessity of introducing 3-morphisms (lax-n-modifications) takes us out
of the comfortable setting of sesqui-categories, into the unknown territory of
sesqui-categorically enriched structures.

Following this suggestion, we have named the new setting sesqui®-category. This
notion is closely related with that of Tas (Tas, pl. Teisi, are mathematical
objects introduced by the pioneering work of S. Crans, see [Cra00, Cra0l])
and incorporates a horizontal dimension raising horizontal composition of 2-
morphisms. A special example of sesqui-category is given by the well-known
notion of Gray-category [Gra76, Gra74]. There, horizontal composition of 2-
morphisms is always an identity 3-morphism, therefore homs are indeed very
special sesqui-categories, i.e. 2-categories, and those identiy 3-morphisms imply
interchange law for horizontal compositions.

Now, Gray-categories are indeed enriched in 2-Cat, hence, in order to fully jus-
tify the name sesqui®-category , it would be interesting to investigate explicitly
the enrichment that generates this notion from that of sesqui-category [Met08a].
We leave this issue to further investigations.

What we present here is a treatable inductive approach, comprehensive of a
useful characterization given in Theorem 4.14.

Definition 4.12. A (small) sesqui?-category C consists of:

o A 3-truncated reflezive globular set Cq:

do d do
C3 ~<-€2— CQ ~<€1— Cl <€o— Co
Cc2 C1 Co
with operations
m . .
" Cp c,Xdy Cqg = Cpg—m—1, m < min(p, q)

such that the following axioms hold:
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(i) For every pair C,D € Cy, the localization C(C,D) is a sesqui-category, with

- object are F,G,etc. € C1(C,D)
- for any pair of objects F,G, 1-cells are a, (3, etc. € Co(F,G)
- for any pair of 1-cells a,y : F — G, 2-cells are A, %, ete. € Cs(a, f)

k+1

k-compositions are restrictions of T -compositions:

- 0-composition of 1-cells of C(C,D)
oV =l Cs cXdy Co — Co

- left/right reduced 0-compositions of 1-cell with a 2-cell of C(C,D)
o% = ol : (s eXdy C3 = Cs

oY% =o' 103 o xq, C2 — C3

- 1-compositions of 2-cells of C(C,D)
ol i=e%:(C3 o xq,Cs — C3

(i) For every morphism F : C — D and objects B,E of C
—e"F: C(B,C) — C(B,D)

Fe'—: C(D,E) — C(C,E)

are sesqui-functors.
(#i1) For every object C and objects B,D of C, if we denote idc = eo(C),

—e%ide : C(B,C) — C(B,C)

idc ¢° —: C(C,D) — C(C,D)

are identity sesqui-functors.
(iv) (naturality axioms) For every pair of 0-composable 2-morphisms o : F =
G:C—oDandpB:-H=K:D—-E

(a) aeB:(Fep)e! (e K)— (aeg H)e' (G’ p)

For every 2-morphismse : L= M :B—-Cand 8: H= K :D — E, and for
every 8-morphism A :a = w: F=G:C—>D

) (« o’ B) o ((A o’ H) o! (G o’ ﬁ)) = ((F o’ B) ol (A o’ K)) o? (w o’ B)

() ((Le*A)e! (=6°G)) ? (c00w) = (4" a) o* (=" F) o (M s 0))

(v) (functoriality axioms) For every 2-morphisms w : D = E : B — C and
v:H=L:D— E and every pair of 1-composable 2-morphisms o : F = G :
C—o>Dandf:G=H:C—D

(@) (ae'B)e’y=((as" 7)ol (Be" L)) @? ((as" K)o (3e"7))
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(b)) we' (el p) = ((w o’ a)el (Fe ﬂ)) o2 ((D ol a)el (we B))

(vi) (associativity axiom) For every 0-composable triple x € [C(B,C)],, y €
[C(C,D)], and z € [C(D,E)],, withp+q+1r <2

(z o’ Y) oV z=1rxde’ (y o’ 2)

(vit) (identity axioms) For morphisms E : B — C and H : D — E, and 2-
morphism o : FF= G :C — D,

idp ¢ a = idpeoy, a e ide =id,ec

Remark 4.13. 1. Axiom (iv)(c) is better understood when visualized as in the
following diagram (same notation)

weH

F.OHéG.OH

0 we’B 0
Ao H Fe'f3 Ge"[3

FoO K ——y k=G "' K

Fe"H—pe'n—=>Ge"H =
FoOB\H/ % HG.% onOK
F .0 K > G .0 K
aeK aeK

The same can be claimed for axiom (iv)(b).

2. Axiom (v)(a) is better understood when visualized as in the following diagram
(same notation)

aelB)e® ° o’
FeO g — 2K e FoO K 2K o0 g 22K Heo K
o' 3)e® ae® o’
FUO'y\H/ (e B)/ H/Hoo—y = F.O'yﬂ/ % G:f'yﬁ % H/Hoo'y
F.OL:>H.OL F.OL:>G.0L:>H.OL
(aol,@)oOL ae’L Be°L

The same can be claimed for axiom (v)(b).

Theorem 4.14. Let Cq be a 3-truncated reflexive globular set. Then the follow-
ing two statements are equivalent.

1. C is a (small) sesqui-category

2. Azioms (i), (i1) and (#it) of Definition 4.12 hold, moreover

d1 d()
(viii) The 2-truncation Co <e1i— Cy <eo— Cy of Ce is a sesqui-category.
C1 Co

(ix) For every 2-morphism o : F = G : C — D and objects B, E of C
—ela: —e"F = —e"G: C(B,C) -~ C(B,D)

ae’—: e —=Ge"—: C(D,E)—C(C,E)
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are lax natural transformations of sesqui-functors.

(z) For every morphism F: C—D of C
—olidp —e'F = —&"F
idpe' —: Fe'— = Fe¥—

are identical natural transformations.
(xi) (reduced associativity axiom)

For every 0-composable triple z € [C(B,C)],, y € [C(C,D)], and z € [C(D,E)],,
withp+q+1r=2
(zo¥y) oz =z e’ (yoz)

i.e. for 3-morphism A, 2-morphisms a, 8 and morphisms F, G of C, the following
equations hold, when composites exist:

(A" F)e®G=Ae" (Fe"G) (aeB)e® F=ce(3e"F)
(Fo'AN) " F=F o' (A" G) (ae’ F)e?3=aqe’(Fe’p)
(A" F) "G =Ae" (Fe"G) (Fea)e’3=Fe"(ae’p)

Proof. First we prove that 1. implies 2..

Condition (viii) is equivalent to satisfying properties (L1) to (L4), (R1) to (R4)
and (LR5) of Proposition 4.2. Now, (L1) and (R1) hold by (4i%), (L2) and (R2)
by (iv), (L3), (R3), (L4) and (R4) by (ii), (LR5) by (vi).

Condition (iz) holds. In fact let us recall Definition 4.6. Assignment on objects
(=1-cells) is given by 0-composition, naturality by (iv) and functoriality by (v)
(compositions) and (vii) (units).

Condition (z) holds too. In fact this is implied by (ixz) above and (vi7).
Finally (z7) is a subset of (vi).

Conversely we prove that 2. implies 1..

Conditions (iv) and (v) hold by (iz).

Condition (vi) holds by (zi) for the cases p + g + r = 2. What is still to prove
is the case p+ ¢+ r = 0 and the case p + ¢ + r = 1, that are given by (viii).
Finally (vii) is a consequence of (iz) and (z). O

Remark 4.15. Notice that the characterization given by Theorem 4.14 is some-
how redundant. Nevertheless its usefulness is that it makes available practical
rules in order to deal with calculations in a sesqui?-categorical environment.
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